Abstract. An «-dimensional (« > 5) link in the (n + 2)-dimensional sphere is stable if the ith homotopy group of its complement X vanishes for 2 < i < (n + l)/3 and nx(X) is freely generated by meridians. In this paper a classification of stable links in terms of stable homotopy theory is given. For simple links this classification gives a complete algebraic description.
Introduction
The present paper studies new stable-homotopy and homology invariants of boundary links of codimension two. The stable-homotopy invariant, which is called stable isometry structure, is a generalization of the corresponding notion for knots (i.e., links with one component) [F2, F3] , which in its turn generalizes the Seifert matrix [LI] and the isometry structure [K] of a knot. It is shown here that one may use the Spanier-Whitehead duality theory and Wall's thickening technique [W] to obtain a complete stable-homotopy reduction of the classification problem for stable links (cf. §1.4). This reduction gives a general computational scheme which could serve as a basis of applying homotopy theory for algebraic description of different classes of stable links (as was demonstrated in [F3, F4] for stable knots).
The easiest case, where such computations can be conducted without difficulties caused by homotopy theory, is the case of simple odd-dimensional links. This class of links has been classified by Liang [L] (cf. also [Kol] ) in terms of their Seifert matrices. In §4 of this paper another algebraic description of this same class of links is obtained, which is slightly better in some respects; for instance, our equivalence relation is of a more algebraic-invariant nature. Of course, the best possible form in which one could expect to get an algebraic classification of simple odd-dimensional links is the form of the Trotter-Kearton theorem [Tr, Kl] , which is valid for knots. Presumably a similar theorem is true also for links ' and in this paper we make a step in this direction: we construct invariantly-defined Hermitian pairings on the homology of the free covering corresponding to the link, which in the case of knots represent the Blanchfield form [B] and the torsion (or linking) form [L4, Fl] . Another (different) version of the Blanchfield form for boundary links was constructed by Duval [D] .
1. Preliminaries 1.1. An n-dimensional p-component link is an oriented smooth submanifold Z" of Sn+2, where Z" = Z" U • • • U Z" is the ordered disjoint union of p submanifolds of Sn+2, each homeomorphic to S". I is a boundary link if there is an oriented smooth submanifold V"+x of Sn+2, where Vn+X = V"+x u ■ ■ ■ U V?+x is the disjoint union of connected submanifolds Vf+X , such that dV¡: = Z,(i = 1, ... , p). If each F, is r-connected, we say that V is an r-simple Seifert manifold for Z.
1.2. Let Z" be a //-component link in Sn+2, and let A = Sn+2 -Z be its complement. Fix a base point * e A ; for each i = 1, ... , p the meridian w, £ nx(X, *) is defined up to conjugation.
A splitting [CS] is a homomorphism (which is defined up to conjugation) S? : nx(X, *) -» F^ onto the free group with p generators tx, ... , tß that has the following property: the image of the conjugacy class [m¡] of ith meridian coincides with the conjugacy class [t,] of t¡ £ Fß .
This notion does not depend on the choice of the base point. Each Seifert manifold F of a boundary link Z defines an obvious splitting 5?y : if a is a loop in A which is in general position with respect to V, then <9y ([a] ) is a word in tx, ... , tß, obtained by writing down tf , e, = ±1, for each intersection point p of a and V (where i is the number such that p £ VjDa and e, is the local intersection number of a and V¡ at p), and then multiplying these words in the order of their appearance in a.
A theorem of Gutiérrez [G] states that any link admitting a splitting is a boundary link (cf. also [Sm] ).
1.
3. An SF-link [CS] (of dimension n and multiplicity p ) is a pair (Z, S?), where Z is a link (of dimension n and multiplicity p ) and 5? is a splitting for Z. Two ^"-links CLX,S^X) and (L2,S*2) are equivalent if there exists a diffeomorphism h : Sn+2 -> Sn+2, taking Zi onto Z2 , preserving orientations of Sn+2 and Z" , v = 1, 2, and mapping S?2 onto S?x .
1.4. An ¿?"-link (Z, S?) will be called r-simple (where r is an integer, r > 1 ) if (a) & is an isomorphism nx(Sn+2 -Z, *) -► Fß ; and (b) 7r,-(S"+2 -Z) = 0 for all 1 < i < r. We will consider every ^-link to be 0-simple.
Another theorem of Gutiérrez [G] states that any r-simple «-dimensional Srlink ( Z, SP ) admits an r-simple Seifert manifold V with S? = Sy , provided n > 4. An «-dimensional r-simple ^"-link will be called stable if3r>«+l>6.
1.5. Let V and W be two Seifert manifolds of a boundary link Z" in 5'"+2.
Figure 1
We will say that F is contiguous to W if (a) ViCl Wj = 0 for ijéj, i,j=l,...,p;
(b) F,n^ = Z/,i=l,... ,p;
(c) there exist N¡, the arcwise connected component of Sn+2 -(F, U W¡) with the property that the positive normal to IF, goes inside N¡, such that ljn N,; = 0 for i, j £{l,... , p}. Here Z = ZjU---UZ/,, V = F, U-■•uVß , and W =Wx\A---VAWß. Of course, we assume that F and W are oriented and induce the same orientation on Z. Figure 1 shows a typical example of a pair of contiguous Seifert manifolds F and W of a 2-component link.
It is clear that if F is contiguous to W then -PF is contiguous to -V, where the minus sign means that the orientation is reversed.
Contiguous Seifert manifolds V and W define the same splitting: 3y = S\f . The contrary is also partially true:
1.6. Theorem. Let V and W be two Seifert manifolds of an n-dimensional link Z. If S?v = 3w then there exists a sequence Ux, ... ,Un of Seifert manifolds of Z with (a) UX = V, UN=W; (b) for each i = I, ... , N -1 one of the following three possibilities holds:
(1) U¡ is contiguous to Ui+X;(2) Ui+X is contiguous to U¡;(3) there is an orientation-preservingdiffeomorphism f : Sn+2 -► Sn+2 with f(U¡) = UM.
Proof. Choose a base point * e Sn+2 -Z. As explained in §1.2 F and W define epimorphisms fy,fw:ni(S"+2-l)^Fß and the condition S?y = S?w means that fv(x) = afw(x)a~x for some element a £ Fß. As the first step we will describe modifications of W by a chain of contiguities, which give another Seifert manifold W with fv = fw< ■ In order to obtain Wj we shift Wj slightly in the direction of negative normal, and for j = i we then add a boundary of the thickened arc a. It is clear that W is contiguous to W and fw(x) = tl fw(x)ti for all xe7r,(,S"+2-Z, *). A similar modification with an approaching W¡ from the positive side and with shifts in the positive normal direction is shown in Figure 4 .
In this case we have fw(x) = tifw(x)ti , where x £nx(Sn+2-I, *).
Figure 4
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use By a number of such modifications we change W (by a chain of contiguities) in such a way that a new Seifert manifold (which we also denote by W ) has the property fv(x) = fw (x) for all x € nx(Sn+2 -Z, *). Using the arguments of [F3, 1.9-1 .12], we may additionally assume that W¡ coincides with V¡ in a small tubular neighbourhood of Z,, i=l, ... , p. We can also modify A in order to cancel critical points of h\x of index 0 and n + 2. Let 0 = cq < cx < ■ ■ ■ < cn = 1 be a small subdivision of the interval [0,1] such that [cv , cv+x] contains at most one critical value of h\x . Denote U" = h-x(cv)r\X , v = 0, 1,... , N. Then Uv is a Seifert manifold of Z with Uq = V , Un = W. If there is no critical point in [c,, c,+1] then U¡+\ may be obtained from U¡ by an orientation-preserving diffeomorphism f : Sn+2 -> Sn+2 (i.e., Ui+X = fi(Uj)). If [Cj, c,+i] contains a critical point then U¡+x is obtained from U¡ by a surgery modification (see Figure 5) .
It is clear that any such modification can be decomposed into a contiguity and then diffeomorphism. The only possible trouble can occur when the onedimensional handles are glued; it is easy to see that a one-dimensional handle ( 1 ) cannot join two different components of U¡ and (2) should approach U¡ from one side; otherwise we get a contradiction with conditions (1), (2).
Figure 5
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use A similar proof in the PL case can be obtained by applying the critical level imbedding technique of [KL] . which is well defined since F, and F, are disjoint subsets of Sn+2 (cf., for example, [St, Chapter 3] ).
We will use the stable homotopy category Stabo, described in [F4, p. The proof is given in §2.9 below.
2.5. Another stable homotopy object (which is in fact equivalent to the abstract Seifert form but will be more convenient later) is the stable isometry structure. A stable isometry structure of dimension n and multiplicity p is a collection
where A is a virtual complex and u : X ® A -> Sn+X, z : X -► A, and n¡■ : X -► A, i = 1, ... , p are S-maps, satisfying:
( 1 ) w is a Spanier-Whitehead duality;
(2) u'= (-l)n+xu; (3) uo(z®lx) = uo(lx®z), where z = lx-z; (4) u o (m ® 7Tj) = 0 for i f j ; (5) n¡ o n¡ = 8i¡n ; (6) nx + ---+ nß = lx. The notion of isomorphism of stable isometry structures can be introduced in an obvious way.
Any stable isometry structure (X, u, z, nx, ... , nf) defines an abstract Seifert form (X, 8, nx, ... ,nf), where 6 = «o(l®z).
Conversely, given an abstract Seifert form (X ,8 ,nx, ... ,nß) one can define u : X ® A -> 5'"+1 by u = 8 + (-l)n+x8' ; this is a Spanier-Whitehead duality and so there exists a unique S'-map z : A -> A such that 8 = u o (1 ® z). It is easy to see that the collection (X, u, z, nx, ... , nß) is a stable isometry structure.
The following statement is just another version of Theorem 2.4.
2.6. Theorem. Suppose r and n are integers with 3r > « + 1 > 6. There is a one-to-one correspondence between the set of isotopy types of embeddings into Sn+2 of r-simple p-component Seifert manifolds and the set of isomorphism classes of stable isometry structures (A, u, z , nx, ... , nß) of dimension « with length(A) < n -2r.
2.7.
A configuration (of dimension « and multiplicity p ) is a collection (A, ; Vif), i, j = I, ... , p, where A, is a virtual complex (i.e., an object of Stabo), Vij : A, ® A, -► S"+x, defined for i ^ j, i, j £ {I, ... , p} , such that vu = (-l)nv'jl, where vj, denotes Vj¡ o T, T : X¡■ ® X}■ -> A7 ® A, being the "interchanging" map. Two configurations (X¡,v¡j) and (F,-, ui,-7-) commutes for all i = 1,... , p in stable homotopy.
2.8. Proposition. Let r and « be integers with 3r > « + 1 > 6. ytwy configuration (Xi,Vjj) of dimension n, with each A, èe/«^ r-connected and (n -r)-dimensional, admits a geometric realization which is unique up to homeomorphism.
Proof. For p = 1 this statement follows immediately from Wall's theory [W] . Thus if we are given {Wjt,} for i < k we can find a unique stable homotopy class / : Xk -» F corresponding to it. Using our dimension and connectivity assumptions we may realize / by a map (which is unique due to the suspension theorem). Now at the last stage we can apply the thickening theory of Wall [W] , similarly to the case of knots [F2, F4] .
Uniqueness of realization follows similarly.
2.9. Proof of Theorem 2.4(1). If we are given an abstract Seifert form (X, 8, nx, ... ,nß) then we can apply the Splitting of Homotopy Idempotents Theorem of [Fr] 
Almost closed Seifert surfaces
The aim of this and the next sections is to describe in terms of the stable homotopy theory the precise relation between stable homotopy structures of different Seifert manifolds of a link. On the level of homology this has been done by J. Levine [L3] in terms of ¿-equivalence of Seifert matrices. A more invariant approach was suggested in [F2, F3] under the name of i?-equivalence. The present exposition will be a generalization of [F2, F3, F4] to the case of links.
Almost closed Seifert manifolds, which will be studied in the present section, are used in the next section to measure the difference between different Seifert manifolds of a link.
3.1. Proposition. There is a canonical construction which assigns to any configuration (A,, Vij) a stable isometry structure S(X¡, v¡f) (of the same dimension and multiplicity) with the following properties:
(1) Let (Ni, fi) be a geometric realization of (A,, v¡j), let V¡ be obtained from dN¡ by removing a small (n + l)-dimensional disk in dN¡, and orient V¡ by directing the positive normal outside N¡. Then V = Vx u ■ • • U Vß is a Seifert manifold (of the trivial link) and its stable isometry structure is isomorphic to S(Xi,vu). is a stable isometry structure, and satisfies Z7t^z = 0 for all k = I, ... , p .
To prove the last statement of the proposition, assume that the collection (X, u, z, nx, ... ,nß) is an arbitrary stable isometry structure with Z7t^z = 0 for all k = I, ... , p . for i^j, 1,7 = 1,... , p. We thus obtain a configuration (A,, v¡¡) and we want to prove that the original stable isometry structure (X ,u,z,nx, ... , nß) is isomorphic to S(X¡, v¡j). The identity 
. ,nß).
This completes the proof of statement (3). Statement (2) follows from the arguments used in the proof of (3): we have shown that all objects in (X, u, z, nx, ... ,nß) could be uniquely determined in terms of A,, v¡j and vice versa. Now we have to prove statement (1). Let Nx, ... , Nf, c S"+2 he a set of compact smooth (« + 2)-dimensional pairwise disjoint submanifolds and let Vij:Ni®Nj^Sn+x , i¿j, be the corresponding pairing, i, j = I, ... , p . We construct F, by removing from dNi a small (n + 1 )-dimensional disk and we have to show that the stable isometry structure (V, u, z, nx, .. This completes the proof. (V, u, z, nx, ... ,nß) is the stable isometry structure of an almost closed Seifert manifold, then znkz = 0 for all k = 1,2, ... , p.
Corollary. (I) If
(2) Let V be an r-simple Siefert manifold of an n-dimensional link, where 3r > n + 1 > 6. If znkz = 0 for all k £ {1, ... , p}, then V is almost closed.
Proof.
(1) follows from statements (1) and (3) of Proposition 3.1. (2) follows from Propositions 2.8 and 3.1 and Theorem 2.6.
The classification of ^"-links
In this section we will describe the relation between stable isometry structures of contiguous Seifert manifolds. Under stability assumptions it will be a complete description. Thus, combining this result with Theorem 1.6 we obtain a stable-homotopy classification of stable ^"-links. In the case of (q-l)-simple (2q -1 )-dimensional links it gives an algebraic classification.
4.1. Let qi = (Xx, ux, z,, nx, ... , nß) and q2 = (X2, u2, z2,nx, ... , nß) be two stable isometry structures of dimension n. We will say that qi is contiguous to q2 if there exist S-maps This definition generalizes the corresponding notion for knots (cf. [F2, F4] ). Each stable isometry structure is contiguous to itself (one may take tp = z,\p = z).
If q = (A, u, z, 7ii, ... ,nß) is an isometry structure, we may define -q as (X, -u, z, nx, ... , nß) . If qi is contiguous to q2 , then -q2 is contiguous to -qiThe following theorem is the main result of this section. is a stable isometry structure of multiplicity 2p. By Theorem 1.7 there exists a 2/i-component r-connected Seifert manifold U = Ui U • • • U U2ß realizing q (i.e., having q as its stable isometry structure). Now, the union Ux U • • • U Uß is a //-component Seifert manifold whose stable isometry structure is isomorphic to qv and Uß+X U • •• U U2ß has stable isometry structure isomorphic to qw ■ Therefore, by Theorem 1.6, there exists an isotopy of S"+2 taking F onto Uiö---Li Uß with respect to the orientations; similarly, there exists an isotopy of Sn+2 taking W onto Uß+X U which sends a link type into the R-equivalence class of the stable isometry structure of an arbitrary Seifert manifold of the link, is correctly defined. This map is a bijection from the subset of stable ¿?-links onto the set of R-equivalence classes of stable isometry structures on [!L^-]-connected complexes.
4.5. Now we consider simple odd-dimensional links. A simple link is an Srlink of dimension (2q -1 ), which is (q -1 )-simple. We will assume that q > 3 ;
in this case the link will be stable.
Any simple link of dimension 2q -1 admits a (q -l)-connected Seifert manifold V = Vx U ••• U Vß (cf. [G] ). From Poincaré duality it follows that V has the homotopy type of a wedge of spheres of dimension q , and so the homotopy type of V is completely determined by the free abelian group Hq ( V). Moreover, the S-maps u, z ,nx, ... ,nß from the stable isometry structure of V are completely determined by the induced maps on Hq(V); thus we come to the following known algebraic notion of isometry structure (cf. [K, Mio, Ko] (e) y/nktp(a) = znkz(a). The equivalence relation generated by contiguity will be called ^-equivalence. Every Seifert manifold F of a (2q -1 )-dimensional link determines an isometry structure (on the Betti group Hq(V)/Tors) and contiguous Seifert manifolds determine contiguous isometry structures. 4.7. Theorem. For q > 3 the correspondence described above gives a bijection types of simple ( R-equivalence classes of f?-links of dimension > «-» < (-l)q-symmetric isometry 2q -1 and multiplicity p J (structures of multiplicity p
Proof. The proof follows from Theorems 1.6, 2.6, and 4.2.
HOMOLOGY PAIRINGS
In this section we use Poincare duality to study the quadratic structure of the homology of the free covering of a boundary link. We construct two quadratic forms, which generalize well-known forms on the homology of infinite cyclic covering of knots: the Blanchfield form [B] and the torsion form [L4, Fl] .
Another generalization of the Blanchfield form was suggested by Duval [D] . where all horizontal maps are "natural." The obstruction to constructing ß lies in ExtA(5,_2, QA) = ExíqA(Q ®z 5,_2 ; QA) and the last group is trivial since Q ®z ß,_2 is a submodule of a free QA-module Q ®z C,_2 ; so the result now follows from the fact that QA is a free-ideal ring [C] . fo obviously defines fi,. The existence of f is guaranteed by Lemma 5.4, and f(, is determined obviously. We have an ambiguity in the construction of /j and f.
It is clear that f¿ is correctly defined modulo /?» Hom(//,_2(C); QY/QA), where ß : QY/QA -> QT/(r + QA) is the projection. We will show later that a : Hom(/7,_2(C) ; Qr/(T + QA))/p\ Hom(/7,_2(C) ; QY/QA) -» Hom(T/7,_2(C) ; Qr/(r + QA)) , which is given by taking the restriction to t//,_2 (C) , is an isomorphism; and 
